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We report some two-dimensional parameter-space diagrams numerically obtained for the multi-
parameter Hindmarsh–Rose neuron model. Several different parameter planes are considered, and we
show that regardless of the combination of parameters, a typical scenario is preserved: for all choice
of two parameters, the parameter-space presents a comb-shaped chaotic region immersed in a large
periodic region. We also show that exist regions close these chaotic region, separated by the comb teeth,
organized themselves in period-adding bifurcation cascades.
© 2011 Elsevier B.V. Open access under the Elsevier OA license.1. Introduction
Neurons are the foundation of every nervous system and, in
view of this, there is an increasing interest in studies involving the
dynamics of large networks containing a neuron as the cell. The
Hindmarsh–Rose neuron model [1], which can be seen as a simpli-
ﬁcation derived from the physiologically realistic model proposed
by Hodgkin and Huxley [2], is a nonlinear mathematical model
used for numerical simulations that demonstrate many behaviors
shown by real biological neurons. For a review see Ref. [3] and ref-
erences therein.
The Hindmarsh–Rose neuron model is a eight-parameter set of
three autonomous ﬁrst-order nonlinear ordinary differential equa-
tions given by
x˙ = y − ax3 + bx2 + I − z,
y˙ = c − dx2 − y,
z˙ = r[s(x − x0) − z
]
, (1)
where x, y, z represent dynamical variables, and a, b, c, d, I , r, s,
and x0 are parameters. Following Refs. [4–7], the state variable x
represents the membrane potential, y is a recovery variable asso-
ciated with the fast current, and z is a slowly changing adaptation
current. This means that x tells us about the dynamics of the mem-
brane potential in the axon of a neuron, while y and z describe
the exchanges of ions through the neuron membrane by means of
fast and slow ions channels, respectively. For a brief description of
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doi:10.1016/j.physleta.2011.02.037the signiﬁcance of the parameters present in (1) see, for instance,
Ref. [6].
As far as we know, only in some few recent studies two-
dimensional parameter-spaces of the mathematical model (1) were
investigated. González-Miranda [5] reported a numerical study in-
volving the r × I parameter-space, and showed that it displays
a complex structure with regions corresponding to equilibrium
points or limit cycles, and regions where different behaviors can
be classiﬁed, according to their periodicity in blocks. The b × I
parameter-space was investigated by Storace et al. [6]. In this ref-
erence, the dynamics of a piecewise-linear approximation, inter-
esting for circuit implementation, was used to compare with the
dynamics of the model (1). More recently, an experimental b × I
bifurcation diagram of a circuit-implemented neuron model was
reported by Linaro et al. [8].
In this Letter we report a numerical investigation involving the
set of equations of motion (1), that describes the Hindmarsh–
Rose neuron model. In the following, we present various two-
dimensional parameter-space plots, involving different sets of two
parameters, and show that the structure of the chaotic attractor
found is universal, regardless of the pair of parameters chosen for
the plots construction. The rest of this Letter is organized as fol-
lows. In Section 2, several panels displaying parameter-space plots
with respect to different pairs of parameters are presented. Bi-
furcation diagrams and phase-space plots are used to corroborate
features that appear in these panels. Finally, this Letter is summa-
rized in Section 3.
2. Two-dimensional parameter-spaces analysis
Here we present several parameter-space diagrams displaying
the dynamic behavior of system (1), according to different pairs
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plot for system (1), obtained by computing the largest Lyapunov
exponent, λ, on a mesh of 500 × 500 parameters (b, I) equally
spaced, always using the Wolf algorithm [9]. In this case, the six
other parameters were kept ﬁxed as a = c = 1.0, d = 5.0, r = 0.01,
s = 4.0, x0 = −1.6. Colors are associated with the magnitude of
the largest Lyapunov exponent, as shown in the column at right
side in Fig. 1. Black for zero, and red for the more positive expo-
nent λ = 0.05. Indeed, a positive Lyapunov exponent is indicated
by a continuously changing yellow-red scale. System (1) was inte-
grated with a fourth order Runge–Kutta method, with a time step
equal to 10−3 and considering 5×105 steps to compute the largest
Lyapunov exponent. Integrations were performed along lines of
constant parameter I , starting always at the minor value of b from
the initial condition P0 = (x0, y0, z0) = (0.1,0.1,0.1), computing
Lyapunov exponents subsequently. While computing Lyapunov ex-
ponents along lines of constant I , the initial value P = P0 was used
only to begin integrations at the small value of b. To begin inte-
Fig. 1. b× I parameter-space plot of system (1), associating different color intensities
to different largest Lyapunov exponent values, as the scale shown in the column at
right side. Numbers refer to periods. About the red line and the + signs, see the
text. (For interpretation of the references to color in this ﬁgure legend, the reader
is referred to the web version of this Letter.)grations for each increased value of b, we use the last value of P
obtained with the anterior value of b, as the initial condition for
the newly increased b.
An interesting feature presented in the parameter-space plot
shown in Fig. 1, refers to the existence of a singular comb-shaped
(formerly named razor-shaped in Ref. [6]) chaotic structure in
yellow-red, surrounded by a large periodic region in black. Note
that this black periodic region, under and close to the yellow-
red chaotic region, is separated in subregions by the teeth of the
comb-shaped chaotic structure. Moreover, if we look at the bi-
furcation diagram at Fig. 2, we conclude that these subregions
are organized themselves in a period-adding bifurcation sequence,
3 → 4 → 5 → ·· · , that increases the period by the unity, from the
right-hand side to the left-hand side. In other words, Fig. 2 shows
clearly windows of periodic regions separated by chaotic regions.
Accordingly the parameters are varied with b decreasing and I in-
creasing along the red line in Fig. 1, it can be observed in Fig. 2
a stable period-n region followed by a chaotic region. Then it is
observed another periodic region, this time a period-(n + 1) re-
gion, also followed by a chaotic region, and so on. Numbers placed
in more detached periodic windows of Fig. 2 and in the corre-
Fig. 2. Bifurcation diagram for points (b, I) along the red line I = −3.4b + 13.24,
2.6 b 3.1, visible on Fig. 1, showing for each of 103 values of (b, I), the num-
ber of local maxima of the variable x(t). Numbers indicate the minor period in
each window. (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this Letter.)Fig. 3. Periodic attractors generated by system (1). All plots were constructed with 50 × 103 points, from the initial condition (x0, y0, z0) = (0.1,0.1,0.1). (a) (b, I) =
(3.02,2.97), region 3 in Fig. 2. (b) (b, I) = (2.95,3.21), region 4 in Fig. 2. (c) (b, I) = (2.9,3.38), region 5 in Fig. 2. (d) (b, I) = (2.85,3.55), region 6 in Fig. 2.
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the scale shown in the column at right side in each one. (For interpretation of the references to color in this ﬁgure, the reader is referred to the web version of this Letter.)sponding periodic structures in Fig. 1 refer to the minor number
of maxima in the variable x present on that window, since occur
period-doubling bifurcations in each window. The bifurcation dia-
gram in Fig. 2 was constructed considering 103 points (b, I) along
the red line I = −3.4b + 13.24, 2.6 b  3.1, visible on Fig. 1, and
obtained by plotting the successive local maxima of the variable
x(t) as a function of the parameters (b, I).
Fig. 3 shows some phase-space trajectories, as a result of nu-
merical simulations carried out for the four points marked with
a + sign in the parameter-space of Fig. 1. The corresponding re-
gions in the bifurcation diagram of Fig. 2 are these labeled as 3,
4, 5, 6, which are separated by dark regions that, in this case, are
corresponding to chaotic behavior. Phase-space plots in Fig. 3 show
a piece of the period-adding bifurcation cascade above-mentioned:
period-3 in Fig. 3(a), period-4 in Fig. 3(b), period-5 in Fig. 3(c), and
period-6 in Fig. 3(d).
Similar parameter-spaces to that appears in our Fig. 1 were
recently obtained numerically using a combination between simu-
lation and numerical continuation methods [6], using a piecewise-
linear approximation model for the nonlinear terms in sys-
tem (1) [8], and experimentally from a circuit implementation [8].
Our Fig. 1 was obtained, as we said before, by numerically com-
puting a total of 250 × 103 Lyapunov exponents, one for each pair
(b, I), and presents a very good resemblance with these plotted
using other techniques.
Fig. 4 shows some other parameter-space diagrams, plotted by
considering the same conditions as before to construct Fig. 1, but
now using other combinations of two parameters. Except for the
two parameters simultaneously varied in each plot, the remain-
der were kept ﬁxed in a = c = 1.0, b = I = 3.0, d = 5.0, r = 0.006,s = 4.0, x0 = −1.56, according to the case. It is important to
note that, regardless of the two parameters simultaneously vary-
ing, the scenario characterized by the comb-shaped chaotic region
in yellow-red is preserved. Moreover, the period-adding bifurca-
tion cascade also is persistent, always with period increasing by
the unity. This last conclusion is established in several phase-space
plots and bifurcation diagrams, constructed for points along a “red
line” considered in each panel of Fig. 4. We do not include here
these plots and diagrams to avoid repetition.
Based on numerical results above presented, we conjecture that
this comb-shaped chaotic region, and this period-adding bifurca-
tion cascade structure in the periodic region close to it are an
universal property of the two-dimensional parameter-space of the
Hindmarsh–Rose model (1), regardless of the two parameters con-
sidered in the plot.
Other reason that motivate us to present panels in Fig. 4, is con-
cerned with the fact that they can be useful as an encouragement
to experimentalists make arrangements to circuit implementation,
considering these sets of parameters.
3. Summary
We have reported a set of diagrams, numerically obtained
involving the two-dimensional parameter-space of the multi-
parameter Hindmarsh–Rose neuron model. Several different pairs
of parameters were considered, and we have shown that, regard-
less of the choice, a typical scenario which includes a comb-shaped
chaotic region immersed in a large periodic region is preserved.
We also have shown that the periodic region near of this comb-
shaped chaotic region, located between his teeth, is organized itself
in a period-adding bifurcation cascade.
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